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ABSTRACT 

In this paper we consider heterotic compactifications on K3 x as well as 

type II compactifications on if3-fibred Calabi-Yau spaces with certain fiuxes 

for the gauge and RR field strengths F and H turned on. By providing an 
• 1— I , 

^ . identification of corresponding fiuxes we show that the well-known Af = 2 

' 

' heterotic/type II string-string duality still holds for a subset of all possible 

fiuxes, namely those which arise from six-dimensional gauge fields with in- 
ternal magnetic fiux on the common two-sphere P^, which is the base space 
of the type II i^3-fibration. On the other hand, F- and H-fiuxes without 
P^-support, such as heterotic F-fiuxes on the torus or type II H-fiuxes 
on cycles of the i^3-fibre cannot be matched in any simple way, which is a 
challenge for heterotic/type II string-string duality. Our analysis is based 
on the comparison of terms in the effective low-energy heterotic and type II 
actions which are induced by the fluxes, such as the Green-Schwarz couplings 
related to flux-induced U{1) anomalies, the effective superpotential and the 
Fayet-Iliopoulos scalar potential. 
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1 Introduction 



String compactifications with background fluxes constitute an interesting class of string 
vacua. In type IIA/B compactifications on Calabi-Yau three-folds background fiuxes are 
provided by vacuum expectation values of internal NS and R H- fields [0, ||, ^, ^, H, 0. 
In the local case a dual description of closed type II strings on Calabi-Yau spaces with 
H-fiuxes was proposed in terms of open topological strings, corresponding to a duality of 
superstrings on non-compact Calabi-Yau spaces with H-fiuxes and certain large N gauge 
systems with A/" = 1 supersymmetry in four dimensions In A/" = 2 heterotic string 
compactifications on K?) x vacua with background fiuxes can be obtained by turning on 
internal magnetic fields (magnetic F-fiuxes) on certain internal two-dimensional subspaces 

1,0-0 

In general, the heterotic F-fiuxes or, respectively, the type II H-fiuxes cause several 
interesting effects after compactification to four dimensions: they can introduce warped 



space-times |T9| , pO| , pT| , they lift the vacuum degeneracy in the moduli space, they induce 
a spontaneous breaking of A/" = 2 supersymmetry, where only at special points in the 
moduli space supersymmetry may be unbroken; they can imply spontaneous breaking 
of U{1) gauge symmetries, they may create tachyonic scalar fields, which destabilize the 
vacuum, and they generate chiral fermion spectra. All these effects are in principle of 
vital phenomeno logical interest. 

Based on the M = 2 heterotic/type II string duality, which was established in the absence 
of background fluxes |2^, we will discuss in how far this duality still holds when heterotic 
F-fluxes resp. type II H-fluxes are turned on. In particular we will show how at least part 
of these fluxes will be mapped onto each other via the heterotic/type II string duality. 
However other heterotic F-fluxes or type H-fluxes flnd no obvious dual interpretation and 
are therefore in apparent conflict with the heterotic/type II string-string duality. Our 
discussion will be mainly based on the comparison of several terms in the four- dimensional 
effective action: 

• In type IIA on a Calabi-Yau space M the internal ifj^'*-fluxes generate a moduli 
dependent superpotential 

3 

W = y2 ^1?"^ /\ = e/ X\z) - m' Ti{z) , (1.1) 

n=0 



^Type I compactifications with internal magnetic fluxes on tori have also been constructed 111] , pi 

n, 111, 0,|i|. 
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where J is the Kahler class and {X^ , Ti) (/ = 0, . . . , Ny) is the symplectic vector 
of A/" = 2 special geometry which depends on the scalar fields 2;"^ (A = 1, ... , Ny) 
in the vector multiplets. This superpotential generically breaks supersymmetry 
and the masses of the gravitini are of the order M3/2 — In addition the 

ground state of the corresponding potential determines in general the values of the 
complex scalar fields z^. The e/ and m} are the quantized values of the H-fiuxes 
on the 0,2,4 and 6-cycles of M, namely eo = / n'^^ , ga = J = J , 

mP = J We will show that those type IIA H-fiuxes, which have support on a 
certain two-sphere P^, correspond in the heterotic string to gauge F-fiuxes on the 
'same' P^. These are essentially Cq and all e^, except the one without P^ support. 
On the other hand, IIA H-fiuxes which no support on P^, namely all except one 
as well as m°, have no immediate heterotic interpretation. 

In the heterotic string internal F-fiuxes on some two-cycle Ci induce four- 
dimensional Green-Schwarz couplings via the ten-dimensional Chern-Simons term 
B2 A Tr(F^) as well as through the Chern-Simons interactions in if A *H. They 
involve the f/(l) vector fields and the internal B-field B = ac\Jci + • • •, where C, 
will be either a certain 2-sphere P^ or a certain 2-torus T^. The four-dimensional 
couplings proportional to internal fiuxes e\ of = dA^ on Ci are of the form 
{*idac, =: dBc,) 

Cos = e\ Be, A F'. (1.2) 

These couplings are responsible for the longitudinal component of a U{1) vector 
boson which becomes massive due to the fiuxes [ P5| , In addition the Green- 



Schwarz term can cancel possible U{1) triangle anomalies due to massless chiral 
fermions (see below). For the case of P^-fiuxes the same Green-Schwarz action is 
obtained from the ten-dimensional type IIA action turning on H-fiuxes with P^ 
support. In fact, the Green-Schwarz action gives a very direct mean to map the 
heterotic gauge F-fiuxes to the type H-fiuxes and vice versa. 

Along with this Green-Schwarz coupling there will be in general a mass term of the 
U{1) gauge bosons, 

M%r^e], (1.3) 

which signals a spontaneous gauge symmetry breaking due to the fiuxes cj. In 
the heterotic string this term comes from the ten-dimensional kinetic term for the 
CS-improved H. However in the type II compactifications the same term is not 
present in the tree-level effective action, but comes as a one- loop effect. 
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The two-dimensional index theorem for the Dirac operator relates the net number 
of chiral fermions to the fluxes e/. These fermions are in general charged under 
the corresponding f/(l) gauge group, and hence a U{1) triangle anomaly may be 
implied. It will be canceled by the Green-Schwarz term described above, together 
with a second coupling of the form 

C = Ciac,F'AF\ (1.4) 

where the c/ denote the strength of this interaction. Then the chiral anomaly is 
given as the product e]ci. For non-zero fluxes e/ and non-vanishing Green-Schwarz 
term the chiral anomaly is nevertheless absent, provided the coefficients c/ are zero. 
In other words, the mass generation for the U (1) gauge boson by the Green-Schwarz 
term is not necessarily linked to a non-trivial U{1) anomaly. Precisely this, non- 
vanishing Green-Schwarz couplings without anomaly, will happen for the P^-fluxes. 
On the contrary, chiral anomalies are in general present for heterotic T^-fluxes, 
which has also been confirmed in a large class of type I compactifications with 
T^-fiuxes (see also the discussion about U{1) anomalies in 



• In general, a Fayet-Iliopoulos (FI) D-term scalar potential will be generated 
depending on the fiuxes e/, which contains tachyonic mass terms for charged scalar 
fields. 

In our paper we will consider on the heterotic side two equivalent string compactifica- 
tions to four dimensions, which proceed however via an inequivalent intermediate six- 
dimensional compactification. In compactification scheme A the x Eg heterotic string 
is compactified from ten to six dimensions on a x T^. The six- dimensional theory is 
then fibred over a base P^, where the first torus varies over the to build the K3 and 
the second one is constant. This will provide 20 perturbative Abelian gauge multiplets 
y4^j already in six dimensions from which one can build the magnetic F-fiuxes Jpi dA^ on 

K 

On the other hand, in the heterotic string one can also have fiuxes on the T^; then one 
needs to have a gauge field in six dimensions from a compactification of the heterotic 
string on K3, i.e. in compactification scheme B one compactifies from ten to six dimen- 
sions on K3 and then from six to four dimensions on a T^. In order to have Abelian 
gauge fields in six dimensions, the moduli of the gauge bundle on K3 must be tuned to 
specific values. 

On the dual type IIA side we will deal with a Calabi-Yau space M which is a K3-fibration 
26| , p7| over the same base P^. Using the adiabatic principle we will be able to completely 
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map the IIA RR H-fluxes with support on to the magnetic F-fluxes on the heterotic 
side, again on the 'same' P^. Note that it was argued aheady in [|l| that the IIA 6-flux 
on M, corresponding to Cq, is mapped under the six- dimensional string-string duality to 
a magnetic field on the heterotic torus. We will find however that the type IIA H-fiuxes 
investigated in and 0] are mapped to heterotic fiuxes on P^, cf. However the 

heterotic F-fiuxes on the are of a different nature and cannot be simply transfered to 
the type IIA side. In the other direction the type IIA H-fiuxes on K?)iia have no simple 
heterotic interpretation. These H-fiuxes lead to a massive IIA supergravity theory in 
six dimensions, for which the heterotic/type IIA duality apparently does not work 



(3) 

Finally, in type IIB compactifications there are also fiuxes from the NS 3-form field H)^s- 
These H-fiuxes are already difficult to understand in type IIA.^ Also in the heterotic 
models these fiuxes have no obvious interpretation. 



The paper is organized as follows. In section 2J. we review the M = 2 theory in four 
dimensions, which emerges from from the heterotic compactification on x T^. In 



section |2.2| we collect those facts about the six-dimensional duality that are relevant to the 
precise P^ fiux mapping, which is presented in section ^ In particular the identification 
of the fiuxes can be done by comparing the Chern-Simons terms, as discussed in ^Tj We 
discuss in some detail the four-dimensional terms induced in the superpotential from the 
presence of non-trivial heterotic F-fiuxes p.2| . The heterotic fiuxes are discussed in 
section ^. In section 5 we discuss the possible emergence of tachyons due to fiuxes. The 
paper ends with some conclusions. 



2 Type Il/heterotic string duality without fluxes 

2.1 Heterotic strings on K?> X and type IIA on M 

Let us recall the spectrum of the x iJg heterotic string compactified on K?) x (for 
a review on A/" = 2 string compactifications see [^, ^ |3l|, ^). It consists out of the 
J\f = 2 gravity multiplet, containing the graviphoton field 7, Ny vector multiplets z"^ 
and Nh hyper multiplets g^. The following three U{1) vector fields do not depend on 
the specific gauge bundle of K3 and are therefore universal. The heterotic dilaton is 
the scalar component in a vector multiplet 5*. Further the complexified Kahler class and 
the complex structure of are scalar components in the vector multiplets T and U. 

■^In 1^ it was argued that the type IIB iJ^^-fluxes might correspond to NS 4-forin fluxes in the dual 
type IIA models. 
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In addition there are in general 20 hyper multiplets, namely the moduli of K3, one of 
these contains the volume of the base and will be denoted vol(P^)/jet- In fact, one 
can consider situations, i.e. gauge bundles, where on the vector side only the fields 7, 
S, T and U are present {Ny — 3). The corresponding classical (i.e. S — > 00) M — 2 
prepotential then takes the form: 

T^-i{XySTU, (2.5) 

where S = -iX^/X^, T = -iX^/X° and U = -iX^X^ and X^ corresponds to the 
graviphoton. This prepotential determines the gauge couplings of the U{1)'^ gauge group 
via these general formulas: 

^gauge ^ _i(_AA,jF+^F+'^'^-^ - J^uF^jF-^^"') , (2.6) 

where F^J (7 = 1,..., Ny) denote the self-dual and anti-self-dual electric field-strength 
components and 

Kr T , o„- Im(.F,K)Im(^,^)X^X^ 

Hence A//j is the field- dependent tensor that comprises the inverse gauge couplings c/fj = 
~ ^ij) and the generalized Q angles Qu — 2'k^{Mij -\- ■N'ij)- We can also define 
magnetic field strength tensors G^^j as 

GU=^^jP^^'^ G-,.i=^fijF-J. (2.8) 

The duality group acts on the field strength vectors {F^J , G'^vi) as Sp{2Nv + 2, Z) trans- 
formation 

GU = WjjF+' + V/G;^j (2.9) 

and similarly on the period vector {X^ , Tj) 

= U^jX^ + Z^-^J^j, 
Pi = WjjX'^V^Tj. (2.10) 

This induces the following transformations on the gauge coupling constants 

f^ij = (^fAA^L + W^7L)[(^ + ^AA)-i]^ (2.11) 

Prom the heterotic string theory we know that all the physical low-energy couplings 
become weak in the large-dilaton limit, which suggests that the strongly-coupled F^^f 
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field strength in the dilaton M = 2 superfield should be replaced with its dual (which 
is weakly coupled in the large-dilaton limit). In A/" = 2 terms, this is achieved by the 
symplectic transformation = T\ = —X^. The gauge couplings in the new basis 

m 



IS 



Mij = -2iS r]jj + 2i{S + S) — . (2.12) 

Note that now all Im A/}j are proportional to S + S and hence all the gauge couphngs 
become weak in the large-dilaton limit. Among the duality transformations (|2.11|) acting 
on (X^,jFi) we distinguish the perturbative T-dualities, which do not mix X^ with Ti, 
in contrast to the non-perturbative electro-magnetic S-duality transformations, which do 
mix X^ with J^i (see p3| , |3^ p5| for more details). 

On the dual type IIA side the massless spectrum is determined by the cohomology of 
the three-fold M, namely by the two Hodge numbers /i^^'^^ and h^'^'^\ Specifically, the 
number of vector multiplets is Ny = h^^'^\ Their h^-^'^^ complex scalar moduli in the NS- 
NS sector correspond to the deformations of the Kahler form J of M plus the internal 
Bmn fields; the h^^'^^ f/(l) R-R vectors originate from the ten-dimensional 3-form gauge 
potential Amnp with two indices in the internal space. Second, there are 
massless J\f = 2 hyper multiplets. h^"^'^^ of them correspond to the complex structure 
deformations of M, where the two additional R-R scalar degrees of freedom, needed to 
fill an A/" = 2 hyper multiplet, come from Amnp with all indices in the internal direction. 
The additional hyper multiplet contains together with the NS-NS axion field a the four- 
dimensional dilaton e~'^'^"^ plus two more R-R scalar fields. 

As stated already we assume that M is K?)iia fibered as well as elliptically fibered by 
the elliptic fibre / (which is also the elliptic fibre of the elliptically fibered A'S//^). In 
accordance with our earlier assumption that on the heterotic side there are just the 
vector multiplets 5, T, U and 7 present, we consider M to be one of the three (3,243) 
CY's over the Hirzebruch surfaces Fq, Fi, F2 related to the heterotic instanton numbers 
(12,12), (11,13), (10,14) !§. The first of these is elliptically fibred over x P} and 
has the further heterotic/heterotic duality related to the exchange of the two P^'s, the 
second one was studied in connection with the five-brane transition and its geometric 
counterpart of blowing down a del Pezzo surface lying in the elliptic fibration over P^, 
and finally the last one is the Calabi-Yau hypersurface of degree 24 in the weighted 
projective space Pi, 1,2,8, 12- Let us denote the base and fibre P^ of the base surface F„ 
respectively by P^ and Pj-. Having Hodge numbers /i(i.i) = 3 there are just three Kahler 
moduli, corresponding to the volumes of P^, P^ and the elliptic fibre Tj, respectively. Via 
the heterotic/type IIA string duality these fields can be mapped to the heterotic fields 
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S, T and U as follows: 



iiA, U ~ vol(Pj)//^ . (2.13) 

Note that this is the correct identification for the model with instanton number (12,12) 
which corresponds to the Hirzebruch base Fq. For Fi and F2 the identification of 
vol(Pj)//A is slightly different, e.g. for F2 one has U — T vol(Pj.)/7-yi. On the other 
hand, the type II dilaton, which is inside the universal hyper multiplet, is mapped to the 
volume of the heterotic P^: 

e-^f"'^ r^Yo\{^l)het. (2.14) 



2.2 The six-dimensional duality 



Following [^] and ||38| we compare the actions in six dimensions for the heterotic string 
on and the type IIA string on 7^3. Consider first the heterotic string on = Tj x T^. 
Then the vector fields 7, S", T and U are already present in six dimensions. They 
correspond to the left- and right-moving gauge group U{1)\ x ^(l)ij which is associated 
to the torus T^. In addition there are 4 U{1) vectors from and 16 from the gauge 
group in ten dimensions. Including the Chern-Simons terms in the field strength of the 
heterotic B field, 



Hf,^p = {d^B^p + 2A[LijF;^p) + cyclic 
one finds for the heterotic string action 



2 

het 



(2.15) 



(2.16) 



+ -TT{dpMnetLdpMuetL) - FULMnetL)uFi, 

where F^^^ (J = 1,...,24) are the 24 abelian gauge field strengths and M^et is the 
(symmetric 24 x 24 matrix valued) scalar field representing an element of the 0(4,20) 
coset with Mh^tLM'^^^ = L for the intersection form 



L 



( 



\ 



'20 



(2.17) 



Note that the T, V fields are not in a diagonal basis but in one with the H intersection 
form consisting of a hyperbolic plane. Upon further compactification on P^ the U{X) 
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gauge fields AJ^, A^, Aj^ and A^ will always be present in four dimensions. Then the 



matrix {LMhetL)jj, which determines the four-dimensional gauge couplings, is given by 



Afjj = Y0l{Fl)het{LMhetL)lj 



(2.18) 



where the indices run over the 4-dimensional gauge fields (|2.16 
On the other hand one has in the dual type IIA on K3 

1 



2-3 



(2.19) 



Sua ~ j (fx./^^e-'l"'^{RnA+{d^<PnA) 

+ h:i{d^MiiALd^MijAL) - Fij^{LMiiAL)i.jF^jA -\b ^ Fjja A LFf,^) 

with MjiA the symmetric moduli matrix with MjjaLMJj^ = L^^ for the lattice inter- 
section form 



-H 



L 



\ 



d 



(2.20) 



Here dij = ihj = Ij • • • ? 22) denotes the intersection matrix on the middle 

cohomology (the ^2 an integral basis of harmonic two- forms). 

Naively the field strength vector is given as (Cj is a basis of two cycles) 

/ .0. \ 



FlIA 



( \ 

F2 

J2 



H 



(2) 
R 



(6) 
R 



(2.21) 



Here F2 = H 



(2) 
R 



dAi is the Abelian field strength of the Ramond-Ramond 1-form Ai, 



H^^ is the dual Abelian field strength of the Ramond-Ramond 3-form C'-^^ with H^^^ = 
dC'^ {C^^^ is dual to a vector in six dimensions) and the 22 field strengths K2 := dCl 
correspond to dC^^^ where two internal indices are on K3. However, to obtain closed 
gauge invariant field strengths one has to implement the following axionic shifts 



J2 



J 2 — Jl^a^dij + -F2d^a^dij 



Ji - Fod 



Ki-d{Aia'). 



(2.22) 



We denote by a*, C\ and = K2 + Aidd' the parts associated with UJ2 in the mode 
decomposition for B2, C3 and J4 = ifjj'-' + A H'pg respectively. Regarding F2, J2, J2 
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candidate abelian field strengths note that neither nor J2 := /^g * J4 are closed: instead 
one has dJg = F2da^ and dJ2 = J2a^dij (the latter from the field equation d* 3^ = H^/\J^ 
for J4 coming from the CS-term). 

Hence the IIA field strength vector is given by the following object: 

/ 



PlIA 



( \ 

F2 



H 



(2) 
R 



\ 



Ik3 



(6) 



^(3)^ 



J 2 d'ij 



};Foa^a^dj 



\ 



(2.23) 



/ 



+ /^3*(^iAi/) 

Note that with regard to the fluxes we can use the naive field strength vector (|2.21| ). 
Now we can identify the type IIA U{1) gauge fields with their dual heterotic counter- 
parts. We will first focus on the 7, 5*, T, U part of the gauge group with corresponding 
intersection form H (B H. The relevant part of the KSua integral cohomology lattice 
consists in one hyperbolic plane H from H^'^{K3jia) = H Q) H Q) Eg Q) Eg related to the 
section (base) a (which is Pj.) and fibre / of the KSua which we assume to be elliptically 
fibered and another hyperbolic plane from H'^{K3iia) © H'^{K3iia)- For the elliptic 
Calabi-Yau with Hirzebruch base Fq the intersection matrix of cr and / is indeed in the 
hyperbolic form. (For the Calabi-Yau hypersurface of degree 24 in Pi, 1,2,8,12, which is 
an elliptic fibration over F2, the corresponding intersection matrix H is only reached for 
the basis consisting of a + / and /). This structure H Q) H of signature (2, 2) is related 
to the coset o(^|x'o(2) realized heterotically in the sector f/(l)| x f/(l)|j which is 

associated to the sector of the heterotic compactification space. 

Now utilizing the six-dimensional string/ string duality one has the following associations 
of the 7, S, T, U sector (for the Calabi-Yau with base Fq) 



^ het 



het 



F2, 



^2 , 



het 



het 



J2 



J\2 ■ 



(2.24) 



Note that this identification already holds in six dimensions and of course persists upon 
further compactification on P^. 

In four dimensions, one gets analogous assertions for the electro-magnetic dual gauge 
field strengths G^*^*, G^*^*, Gl^^, G^*: they correspond to the (Hodge) dual forms on the 
(Poincare) dual cycles, i.e. in terms of the naive field strengths 



Ghet 
T 



het 



H 



(8) 
R ' 



het 



M 



H 



(6) 
R ' 



G 



Ghet 
U 



H 



(4) 
R ' 



^(6) 
^R ' 



(2.25) 
(2.26) 



In jV = 2 supergravity, these electric/magnetic duality transformations, A A, are 
given in terms of the symplectic transformations as discussed before. 



3 Fluxes on 



After the discussion of the well established type Il/heterotic string duality without fluxes 
let us now investigate whether this duality survives turning on fluxes on the type II and 
on the heterotic side. We start considering fluxes on the 2-sphere Pj. Recall that we 
have identified the relevant six-dimensional gauge fields. Let us now map the fluxes. For 
that purpose we compactify further down to four dimensions on Pj, the base over which 
the six-dimensional space is fibred. This gives KShet x on the heterotic side or the 
Calabi-Yau space M on the type IIA side, respectively. The internal fluxes ej will then 
be simply given as the internal F-fields integrated over the base P^: 



Here the Fj correspond to six-dimensional field strengths, where the index / ranges over 
those fields which survive the compactification to four dimensions. In addition to the 
6/ we also hke to introduce the 'magnetic' fluxes m^. Together with the ej they build, 
in analogy to the magnetic/electric field strength tensors {Gi,F^), a symplectic vector 
(eijUi^). On the type IIA side the will correspond to certain forms integrated over 
certain cycles inside the Calabi-Yau, namely those which do not contain P^, i.e. those 
inside KSua, which do not have an interpretation as fluxes of any six-dimensional gauge 
fields. Accordingly, we will see that also on the heterotic side the are not just fluxes 
of such six-dimensional gauge field strengths. 

As stated in the introduction, we will be interested in two types of terms in the La- 
grangians: those giving the scalar potential V of the superpotcntial W induced by the 
fluxes (these arc given by the kinetic terms shown below), and those giving the relation 
to induced Green-Schwarz couplings; these are essentially given by Chern-Simons terms. 

3.1 Green-Schwarz terms, flux mapping and chiral anomalies 

We will now compare the four-dimensional couplings of the (reduced) six-dimensional 
gauge fields with the derivative of the type IIA (model-independent) axion qua re- 
spectively the heterotic axion modulus Opi related to P^. Note that just as one has 
in string/string duality the well known association between l/g^et ^^^^\)iiai 




(3.27) 
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has equally the association of l/gjj^^ with vol(P^)^gj (see eqs.( p.l3D and ( p.l4| )) which 
leads to the corresponding association of the universal IIA B-field Bjja and the internal 
heterotic axion Opi: 

o-iiA ^ (3.28) 

The coupling constants are then proportional to H-fiuxes of type IIA RR field strength 
or to F- fluxes of heterotic U{1) gauge fields on the common base P^. By identifying the 
dual gauge fields on both sides we can thus map the fluxes. 

Consider the CS-improved six-dimensional kinetic terms of the heterotic NS 2-form B. 
One has with Hh^t = dB — ux^s^ — . . . that Hf^^^ contains the term dB ■ {A^ A dA^'Ljj) for 
any six- dimensional gauge field . With the axion field in B = a^i ■ Jpi + . . . this leads 
to the four-dimensional heterotic Green-Schwarz couplings (e/ = Jpi dAj) 

b 

= e, i?pi A Fl, + es B^. A F^^, + ct B^r A F,^,, + eu B^. A FI, (3.29) 
as (T, U) are non-diagonal w.r.t. Ljj. 

On the other hand one has on the type IIA side the actual kinetic term {H^^^ — 2dB A 
A^'^^)'^ which contains the term H^^ ABA H^j^^ furthermore one has the topological term 
H^^^ A H^^^ A B. The first term I---1- 

BiiA A J2 I Hf + BuA A F2 / Hf , (3.30) 

'M 



whereas the second term provides 



BiiAAKid,, / H^^'^ . (3.31) 



For the S-T-U model this leads to the following four- dimensional type IIA Green-Schwarz 
couplings with precoefficients involving 2-, 4-, 6-flux 

i^rJ = BuA AJ2 f ^L'^ + BjiA A k^, I Ht^ 



+ BjjA A 14 [ Hf + BuA AF2 [ . (3.32) 

Jvlxa Jm 

Now we compare the heterotic, eq. (|3.29|) , and the type IIA, eq. (|3.32|) , Green-Schwarz 
coupling, and from matching these two effective actions we obtain the following mapping 
of the fluxes (for the IIA model with Hirzebruch base Fq): 



M 

(4) ... _ / it(4) 



eT-/ H'^\ eu^ I H'n'^ (3-33) 
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of course in consistency with the P^-integrated version of |2.24 



Note that the flux corresponds on the type IIA side to the vacuum expectation value 
of the 2-form H^'^^ over P^. This is in contrast to the fluxes ct and eu (and for the further 
gauge fields - see section (2.4)) which are determined by the vevs of H^^\ However this 
observation is just a reflection of the fact that the weakly coupled heterotic S'-gauge field 
corresponds to the period J-'i, as explained before. 

Now let us come to the dual magnetic fluxes m^. They correspond in the type IIA theory 
to the (Hodge) dual forms on the (Poincare) dual cycles. Hence we obtain the following 
identifications 

Jf J Kin A 



^ / ^ij , m"' ^ H"^' . (3.34) 

Jit Jpt. 

Starting from the ten-dimensional type IIA action with terms H^^^ ABA H^^ and H^^ A 
H^^^ A B, the dual fluxes generate the following 'dual' Green-Schwarz terms in four 
dimensions: 

C^^f = BijA AGs + m^ Bua AGr + m^ Bua A Gu ■ (3.35) 

Note that the still missing GS-coupling 

C"^^' = rrf BnA^G,, (3.36) 

cannot be derived from the two ten-dimensional terms written above, but requires in ten 
dimensions a coupling of the form H^^^ A B. This term is not present in the effective 
action of the 'normal' type IIA superstring, but it precisely arises in the massive IIA 
theory which was discussed in Specifically, in the massive IIA theory there is a 

cosmological constant term, A ~ (m'^)^, and the 2-form field strength has to be modified 
in the following way: 

= dAi + 2mWijA . (3.37) 



Then the term in eq.(|3.3(j|) arises in the kinetic term {H 



Note that there is no integration on the base in any of these integrals (|3.34|) involving 



the fluxes . Therefore the fluxes already exist in six dimensions as integral, topo- 
logical numbers on the type IIA side. In fact, decompactifying P^ in type IIA, the fluxes 
are already present in six dimensional IIA compactification on K3. All these fluxes 
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arise in massive type IIA supergravity on K?) due to duality transformations from 711? , 
as it was recently discussed in . 

However on the heterotic side the interpretation of the magnetic fluxes is not obvious, 
since the corresponding integrals cannot be defined (but see |3.38| below) Therefore the 



heterotic/type IIA string-string duality breaks down in the presence of the magnetic 
fluxes . In fact, the problematical point to match these two occurrences of Poincare- 
duality is the following: the electro-magnetic dual field strengths G^, Gg, Gt, Gu are 
defined entirely in four dimensions; this is in manifest contrast to the original gauge 
fields which are survivors from a dimensional reduction. If one wants to contemplate on 
P^-fiuxes of the electro-magnetic duals they should exist already in six dimensions. In 
conclusion there are no fluxes of the electro-magnetic duals of the four- dimensional gauge 
fields. In other words, the four IIA fluxes listed in eq.( |3.34 ) with no support on the 



cannot be interpreted as heterotic F-fluxes of six-dimensional gauge fields on P^. 

Let us briefly discuss the action of the duality symmetries, being certain symplectic 
transformations, on the fluxes e/ and . First, the perturbative, heterotic T-duality 
transformations act within the fluxes e/ and but do not mix them into each other. For 
example, the transformation T 1/T has the following action on the fluxes: 65 ^ eu-, 
^ cti ^ TnF 1 to* ^ mF as inspection of the scalar potential (|3.43|) shows. 
On the other hand, non-perturbative S-duality transformation exchange some of the 
fluxes 6/ with some . Therefore, in the heterotic string, the absence of the fluxes 
breaks these S-duality transformations. In the type IIA string, non-perturbative duality 
transformations which exchange e/ with are in principle possible and depend on the 



details of the geometry. For example, as discussed in p6|, the S — T — U models 
discussed here possess a non-perturbative exchange symmetry S ^ T. In the model with 
Hirzebruch base Fq, this symmetry has a very simple geometric interpretation, namely it 
just reflects the freedom of exchanging the two P^'s of Fq, i.e. P^ ^ a. Using the fluxes 
in eqs. (|3.33|) and ( p.34| ) the S ^ T symmetry has the following natural action on the 



fluxes: 

ct , es ^ mF , (3.38) 

and all other fluxes are unchanged. One gets of course similar mappings if one assumes 



a full triality among the moduli S, T and U (see e.g. 0). 

Now, at the end of this chapter let us discuss the question of anomalies in relation to the 
P^-fluxes. The net number of chiral fermions, the index of the Dirac operator, which is 
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proportional to the triangle ?7(1) ^-anomaly is given by 

n^-n_= I ch(F)Ai(i?), (3.39) 

where A{R) and ch(F) are the A genus of the tangent bundle and the Chern character 
of the gauge bundle. The index is zero due to the simple fact that on the 'constant' 
F and R both vanish. This reflects the statement that we can figure the heterotic 
compactification as a trivial dimensional reduction on a torus after compactifying to six 
dimensions on KShet, which does not produce any chiral fermions in four dimensions. 
This is still completely consistent with the appearance of Green-Schwarz couplings. A 
contribution to the triangle anomaly would require the coupling apiF A F. In general, 
this term can be obtained from the ten-dimensional GS-term B A F"^ via dimensional 
reduction. However for the case of P^-fiuxes we obtain 

£ = apiF^AF^ / FAF, (3.40) 
which vanishes since F has only support on P^. 

The gauge symmetry not being anomalous, the GS-term B^i^ A F nevertheless gener- 
ates a longitudinal component for the U{1) gauge fields. Since there is only one B- field, 
which couples to the gauge fields via the GS-term, namely the internal B-field B^i in 
the heterotic string or the universal B-field -8//^ in the type IIA string, only one linear 
combination of U{1) gauge fields will become massive, where the exact linear combina- 
tions depends on the fluxes turned on. In the heterotic string this mass term comes from 
the ten-dimensional kinetic term of the CS-improved NSNS 3-form field strength, which 
exists at string tree-level. The generated mass for the is proportional to ej/vol(P^)^. 
However using the heterotic/type IIA duality relation (|2.14|) , it follows that these gauge 
boson mass terms arise only at the one-loop level in the type IIA compactifications. 

3.2 The superpotential couplings 

Turning on non-trivial fluxes induces a potential for the vector multiplet scalar fields 
z"^ = jX'^ . Quite generically, this scalar potential is lifting the vacuum degeneracy in 
the vector multiplet moduli space and is also breaking space-time supersymmetry. In the 
heterotic case the scalar potential originates from the gauge kinetic term eq. ( |2.16| ) in six 
dimensions, which is determined by the scalar field matrix {LMhetL)jj. Specifically, the 
four-dimensional scalar potential V is obtained by replacing in eq. (|2.16| ) the gauge field 
strength tensors F'^^* by their corresponding internal electric fluxes e/. Using eqs. (|2.8|) . 
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( p.l8| ) and ( |3.27| ) this leads to following expression written in terms of four- dimensional 



variables: 

V= e,{\mj^y'ej, (3.41) 

vol (P^) /let 

where the coupling constants A//j are computed using the period vector (X^,jFj) which 
was obtained from the exchange = T\ = — X^. Using the well-known super- 
gravity relation between W and V ^ this scalar potential corresponds to the following 
superpotential 

dT 

IV = e^XO - + e,X\ (3.42) 

where 5* = —iX^jX^ and the fields 0* = —iX'^jX^ are the remaining moduli. In het- 
erotic perturbation theory, the prepotential T depends only linearly on S", and hence W 
does not depend on S] therefore the S'-field is not fixed by the minimization condition 
ly = and (ijiy = in perturbation theory. Only non-perturbatively, after instanton 
corrections in e""^, T and hence also W will depend on S*, which will then be fixed by 
the minimization conditions. For the case with only four vector fields A^, As^ At and 
Au with corresponding prepotential eg. ( p.5| ) the couplings Af^"^ are easily computed us- 
ing eq.( |2.12| ), and we get the following heterotic scalar potential (for real values of the 
moduli): 

vol(P,^)., 2STU ' ^^-^^^ 

which corresponds to the following superpotential cf. |0]: 

W = e^ + esTU + ictT + icuU . (3.44) 

On the type IIA side the flux induced scalar potential originates from the kinetic terms 
{H^^y in ten dimensions. Alternatively we can also use the derivation |^ of the scalar 
potential in the type JIB mirror compactification. There the scalar potential comes from 
the the term A in the ten-dimensional effective action. After dimensional 

reduction the following expression is obtained 0]: 

V = -(2Imr)-i(^m^(ImA/')jjm-' + (e/ + m-^^ij){^^Y^{eK + m-^J^Kj)) ■ (3.45) 

The e/-part of eq. (|3.41|) . In type IIA, V can be derived from the following superpotential 

3 „ 

W = y2 Hf"^ A J=^-" = eiX' - Ti . (3.46) 

n=0 
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With the six-dimensional mode decompositions ifj^^ = ^ cjj (apart from contributions 
with a 0- respectively 4-form on KSua) and J = ■ Ui (where X* = a* + ivol{C2)iiA) 
on KSjiA one then obtains that 

[ H^^^ AJ = X^d,j f Hi = X^d.j [ H^^^ = CiX^d.j (3.47) 
and furthermore 

eo= /" Hf = e^. (3.48) 

J M 

H^^ A contains the contribution 



m 



\j'-lHff = (3.49) 

K3iiA ^ JVl JkZha ^ 



So in total one gets the following superpotential 

BT 

W = e.X^dij + eoX'^-m'^ 

= ierT + ieuU + + esTU , (3.50) 

where we have used the prepotential in eq. (p.5|) and X^ = 1 in the second line of this 
equation. The agreement of this equation with heterotic superpotential eq. ( p.44| ) shows 



how the superpotential can be directly transported from type IIA to the heterotic side, 
whereas above we compared these terms by explicitely evaluating the associated scalar 
potentials on both sides independently. 



3.3 Further gauge fields 

It is straightforward to extend these associations to the case that one has heterotically 
not only the T and U fields from the g and B sector but also further gauge fields, called 
V. So if one of the 16 [/(l)'s survives the fibration down to 4 dimensions one can consider 
its associated flux. Such a model will be dual to type IIA on a Calabi-Yau three-fold with 
a larger h^^'^^ reflecting the enhanced number of vector multiplets Its KSha fibre 

has a correspondingly higher Picard number which indicates the existence of at least one 
further (beyond the a and /) algebraic 2-cycle Cy whose cohomology class in the KSha 
is an integral (1,1) class and which exists generically in all KSha fibers. This gives a 
new 2-cycle for the Calabi-Yau and a new 4-cycle x Cy from the adiabatic extension 
over the base P^. Of course, the Wilson lines then correspond to the Cartan sub lattice 
of the Eg © Eg part of the KSha middle cohomology. 
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The heterotic gauge field (existing already in six dimensions) with field strength Ff 
maps to the the RR 3-form C*-^-* reduced on the new 2-cycle Cy, i.e. 



V 

het 



FL - FY,^ = / , (3.51) 



'-V 



whereas the electro-magnetic dual field strengths Gy^* (existing only in four dimensions) 
corresponds again to the dual 5-form C*-^-* on the Poincare dual 4-cycle Cy, i.e. 



G'^''^G\J^= / Hf. (3.52) 

Given these identifications of the heterotic versus type II A U{1) field strengths one has 
immediately the following associations of fiuxes on 

ev= [ Fl, ^ [ 

^ I Hf. (3.53) 



4 T2-Fluxes 

We now turn to heterotic fiuxes on the constant torus T^. Therefore, we figure the 
compactification space K?) x to be build up in the other order B: One decompactifies 
first to six dimensions on K?) and then further to four dimensions on T^. Any abelian 
gauge field A that survives the compactification on K3 may also be endowed with a fiux 
/ on Tl 



f= / Fez. (4.54) 

There is no straightforward way to interpret these fiuxes on the dual type IIA side, but 
we would like give some indications. 

First recall that for the heterotic fiuxes in eq. (|3.27| ) the vacuum expectation value of 
the internal magnetic field is inversely proportional to the P^-volume, 

Fpi ttLi — . (4.55) 



On the type IIA side vol(P^)^g\ corresponds to the square of the type II coupling constant 
(see eq. ( ^.14| )), such that 

F^.^gjj^. (4.56) 
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Using the same arguments the heterotic fluxes scale like 

Fj. ~ I , (4.57) 

and keeping the overall volume of K?) x as well as the volume of Tj fixed we arrive at 

Fj2^Yo\{¥l)het--ll9hA- (4.58) 

So in the dual type II description these fluxes are large for weak coupling, i.e. they 
are of non-perturbative nature. A similar feature is encountered in type IIB Calabi-Yau 
compactifications in the presence of NS- fluxes, where the flux vectors are e = e^j + reTvs, 
m = mn+TmNs ? which originate from vacuum expactation values of H^^^ = rif^^+ifj^^ 

iB 

As opposed to the earlier case of the fluxes we now expect to obtain a spectrum of 
chiral fermions in four dimensions together with an anomalous contribution to the chiral 
gauge anomaly. The index theorem for the Dirac operator relates the net number of 
chiral fermions to the magnetic flux on the torus 



n+-n_= / A{R) / F^f ti R\ (4.59) 

Jk3 JTl Jk3 

But now we also face the presence of appropriate Green-Schwarz couplings to cancel the 
anomaly. The kinetic term of the NSNS 3-form Hh^t decomposes into 

Hhet A *Hhet = '2dB A * {AdA) + AdA A * {AdA) + ■■■ (4.60) 

The second term is the term that gives a positive mass to the particular gauge boson 
via fAf,A^'. Note that this mass square is proportional to the square of the flux. The 
first term is a contribution to the Green-Schwarz coupling B A F, which simply is of the 
following form in four dimensions: 

CGs = fBj2AF. (4.61) 

Via the index theorem, the coupling constant is proportional to the net number of chiral 
fermions, thus appropriate to cancel the anomaly induced by the triangle diagrams with 
fermion loops. To complete the Green-Schwarz couplings needed for the anomalous tree 
diagram the ten-dimensional term B A F^ leads in four dimensions to a coupling 

C = aj2 F AF F AF, (4.62) 

Jk3 



it was argued that the H^'g fluxes correspond on the type IIA side to fluxes of an NS 4-form 
field strength. 
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which is non-vanishing and independent of the flux. Using the Bianchi identity 

j dHhet = J (tr - tr R") = (4.63) 

the total GS couphng is proportional to the index and the two terms precisely surflce to 
cancel the non- vanishing U{1) anomaly. 



5 Tachyons due to fluxes 

It is well known that it can lead to unstable vacua when Yang-Mills gauge theories are 
compactifled to lower dimensions with magnetic fluxes on the internal space ||^. The 
internal components of charged gauge bosons become scalar s whose masses are modi- 
fled due to their coupling to the internal magnetic fleld and thus may become negative 
eventually. Then the vacuum shifts to a new groundstate with a condensate of these 
tachyons. The analysis can be performed on purely fleld theoretical grounds by consider- 
ing six-dimensional Yang- Mills theory compactifled to four dimensions. It equally applies 
to both, the type IIA and heterotic string models. 

First let us dicuss tachyons due to P^-fluxes. Later we will consider this mechanism in 
the more familiar case of a toroidal compactiflcation of gauge flelds with magnetic flux. 
There we will also explicitly show that the tachyon potential that derives from the gauge 
kinetic term tiF"^ is stabilized by a quartic term, the entire potential taking the form of a 
D-term. But, at flrst sight surprising, tachyons can also appear for a compactiflcation on 
a P^. One might expect that the absence of harmonic 1-forms, which implies the absence 
of massless scalars in the dimensional reduction of a gauge fleld on P^ , also excludes their 
appearance when magnetic flux is present on the sphere. However, the analysis of the 
spectrum of the Laplacian on a sphere acting on internal components of charged vector 
flelds shows that it indeed does have negative eigenvalues as well Formally, one 

needs to consider sections in the tangent bundle twisted by the flux, which may be trivial 
even if the tangent bundle itself is not. The flux being a discrete parameter the existence 
of tachyonic modes is not in contradiction with being massive Kaluza-Klein excitations 
in its absence. An important feature is that the modiflcation of their masses is essentially 
given by ~ sqF, s denoting the internal spin, q the charge and F the flux, a linear 
dependence on the flux F. Hence, the spacing of mass levels of KK states and the shift 
induced by the flux is comparable, both being proportional to l/vol(P^). While this 
explains how the mass shift can let the massive KK modes jump to negative eigenvalues, 
it also raises the general question if the approach based on the effective action of flelds 
massless in the absence of flux is appropriate at all. The two scales being equal one would 



19 



have to include all higher KK modes from the beginning, because all of them could come 
down to zero mass when coupling to appropriate internal fluxes. Thus, the starting point 
of our analysis appears to be ruined. This problem does not occur as long as we consider 
only abelian gauge symmetries without charged gauge bosons. 

Another more exotic situation where charged scalar fields have negative masses can be 
met at very special points of the moduli space. When the compactification space degen- 
erates and certain cycles shrink to zero size, black holes may condense and need to be 
included in the effective action even at small coupling. Let us look at the well known 
example of the conifold singularity of type IIB, which occurs at the co-dimension one 
locus, where in the Calabi-Yau space a cycle Ai with the topology of vanishes, while 
the remaining cycles stay finite. More precisely the Calabi-Yau space M exhibits a nodal 
singularity, i.e. it is described locally by the eq. J2t=i ^1 = For /i — > the real part 
of this local equation describes the vanishing 5*^. In the vicinity of a conifold point, 
= J^^ ^ 0, an additional hyp er mult iplet, the ground state of a singly wrapped 
3— brane around the Ai, with mass proportional to becomes light [0. It is charged 
with respect to the f/(l)^^ gauge symmetry of the vector multiplets. It corresponds to 
a magnetic monopole or dyon in the effective gauge theory. 

Consider the case where the flux ei which is aligned to the vanishing cycle of the conifold 
is turned on. In type IIB the corresponding superpotential is 

W = eifi + fL(j)4) , (5.64) 

where we have set 

/i = — . (5.65) 

The supersymmetric, stationary points of the corresponding scalar potential are a.tW = 
and dW = 0, which leads to fi = and in addition to the condensation of the hyper 
multiplets, (pep = — ei, as discussed in 0. In fact the supergravity scalar potential in the 
vicinity of the conifold point |^, 

V{^) = = -j^, (5.66) 

is stable in the //-direction and has a supersymmetry preserving minimum at /i = with 
f = 0. On the other hand due to the non- vanishing flux ei, two of the real scalars of 0, 
will become real massive scalars whereas the remaining two scalars will become tachyons. 
Explicitly, besides eq.( |5.66 ) the scalar potential will also contain the term 



V{(P, 0) = ei(00 + c.c.) = 2ei(0i0i - 0202) , (5.67) 
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where = + i(j)2 and = 0i + i(j)2- So the fields 02 and (j)2 are tachyons with negative 
mass square = — 2ei. 

Actually, the conifold and other known examples are no good examples for P^-fiuxes in 
the context of the dual heterotic/type IIA models discussed above. In IIA language the 
entire CY shinks to zero. This however corresponds to a magnetic fiux, dual to the flux 
of A^, i.e. not a P-'^-flux. 

For the toroidal case one can demonstrate the appearance of tachyonic charged scalars 
more explicitly by the dimensional reduction of the gauge kinetic term with background 
flux. We therefore assume that a whole non-abelian SU{2)v remains unbroken in six 
dimensions. Then the six- dimensional kinetic term 

C^^ = -^trF A*F, F'' = dA" + f^^^A^ A A" (5.68) 

decomposes according to 

F''A*F'' = dA^ A *dA^ + 2f^'^dA'' A * {A^ A A'^) (5.69) 

^jacdjbef^c ^A'^^*{A^A A^) . 



With the abelian flux / for A^ as in eq.( [4.54|) the second term is a mass term for the 



internal components of the six dimensional charged vector flelds A'^Q,a ^ 0. Changing 
to complex coordinates 

Al = ^ {At ± tA^) (5.70) 

on the torus and to the Cartan basis in group space, the mass matrix becomes diagonal 

2f^''AlAl = + tAl\^ - \At + tA'il^) (5.71) 

such that we get two real massive scalars and two tachyons. The quartic term in ( p. 69 ) 
stabilizes the tachyons, it just completes the square to get a D-term potential 

2 



tr 



{F,,f=(^f-^f'^{\A\ + zAl\'-\At+tA'L\')^ . (5.72) 



This is an agreement with the potential derived in [10|,|11|, which was obtained by 



computing string corrections to a quantum mechanical mass formula 

= {2n+l)\qf\-2sqf, (5.73) 

where n is the angular momentum quantum number, the Landau level, and s the internal 
spin. A characteristic property of the mass square shift described by this formula is the 
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linear dependence on the flux /, which appears as a generic property of D-term induced 
masses. The mass spectrum thus obtained satisfies the condition 

StrM^ = (5.74) 

for spontaneous supersymmetry breaking. For s = ±1 the above mass formula produces 
one positive and one negative mass-square scalar field. Concerning the spectrum of mass- 
less fermions the mass shift affects one chirality with s = ±1/2 to become massive, the 
opposite chirahty to stay massless, such that the resulting four- dimensional spectrum 
will be chiral. While the expression ( |5.73D has been deduced from more heuristic argu- 
ments, it can be reproduced for a compactification of the heterotic string on with a 
background U{1) flux from the exact CFT treatment of 0. It appears as the leading 
term of the exact mass formula for small values of the flux. 



6 Conclusion 

In this paper we have seen that in general F- and H-fluxes in heterotic and type II 
compactifications apparently break the string-string duality symmetry between het- 
erotic/type II pairs which were dual to each other before turning on these fluxes. However 
for a subset of fluxes the string-string duality still holds, namely for those F- and H-fluxes 
which have support on the two-sphere which is common to both string compactifica- 
tions. One should ask what is the reason for the breakdown of the string-string duality 
symmetry by the other fluxes, or whether one can reconcile the string-string duality sym- 
metry by turning on new fluxes which are so far not yet investigated. But unfortunately 
we cannot find any real trace for such a possibility in our discussion. 

Another interesting question is the vacuum structure of heterotic and type II compactifi- 
cations in the presence of fluxes. As discussed in |^, |^, ||, ^ in the context of the effective 
supergravity action vacua with completely unbroken M = 2 supersymmetry are possible 
at certain degeneration points in the moduli space (conifold points, large volume limit, 
etc) ; otherwise supersymmetry will be completely broken, and it seems to be no room for 
partial M = 2 ^ M = 1 supersymmetry breaking in the flux induced supergravity action. 
However this situation changes in the rigid field theory limit where certain so far dynam- 
ical fields are frozen. This field theory limit can be conveniently described by replacing 
the compact type II Calabi-Yau spaces by their non-compact counterparts which can be 
then utilized to compute the flux induced field theory M = 1 superpotentials for the 
corresponding Yang-Mills gauge theories without [§] and also with matter fields A 
nice way to understand the related large N duality between D-branes and H-fluxes, which 
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is based on topological transitions in the non-compact type II Calabi-Yau spaces, was 
provided in terms of geometric transitions in M-theory on non-compact spaces with G2- 
holonomy [^. In the light of this result it would be also interesting to see whether also 
type II compactifications on compact Calabi-Yau spaces with H-fluxes, or their heterotic 
counterparts, can be lifted to some geometric M-theory compactifications. In case one 
would succeed to have partial supersymmetry breaking from M = 2 ^ M = 1 even in the 
compact case, M-theory should be compactified on a compact seven-dimensional space 
with G2-holonomy. However for the generic case of complete supersymmetry breaking 
by the fluxes, the situation looks much more complicated. 
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